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Abstract. In this paper we compute the singular homology of the space of im- 
mersions of the circle into the n-sphere. Equipped with Chas-SuUivan's loop prod- 
uct these homology groups are graded commutative algebras, we also compute 
these algebras. We enrich Morse spectral sequences for fibrations of free loop 
spaces together with loop products, this offers some new computational tools for 
string topology. 

Introduction 

The aim of this paper is to compute the singular homology with integral coeffi- 
cients of the spaces Imm{S^, S"') of immersions of the circle into the n-sphere 5*" 
also called regular loops. These spaces play a key role in knot theory because they 
detect non-trivial homology classes for spaces of embeddings Emb{S^, S""). For ex- 
ample in [6j the authors use a desingularization map in order to produce non-trivial 
cohomology classes for spaces of knots EmblS-^ ,MP) from cohomology classes of 
spaces of singular knots i.e. spaces of immersions with a fixed number of transverse 
double points. 

Let us explain the strategy of the computation of these homology groups. We 
consider the space of immersions Imm{S^ , S"') as an open subset of the free loop 
space £5" = C°°{S^, S"') and we endow the n-sphere with its standard Riemannian 
metric. We consider the energy functional E defined by 

and we also consider its restriction Eimm to the space of immersions. From this 
functional we get a filtration of the space of immersions by the energy level. It follows 
from Morse theory that this filtration is well understood in the case of the space CS^ 
of all smooth loops and gives a very efficient way to compute its singular homology. 
But it is a priori more difficult to handle it for immersions. To this ffitration one 
naturally associates a spectral sequence wich converges to iJ=K(/mm(S'^, S""), Z). In 
order to compute the i?i-term of this spectral sequence it is essential to understand 
the homology of the pairs {Imm'^^p'^^ , Imm^^p~'^) where Ap is a critical value of 

/mm<" := {7 G Imm{S\ S^)/E.,^^{^) < a} . 
Let US"' be the unit tangent bundle of S" and D be the map 

Imm{S\S") CUS"" 

'Y t— > 7^ 

' II7II 
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by a famous result of Hirsch and Smale [20] this map is a weak homotopy equivalence. 
We have the following factorization 

Ei^^ = Eo7ioD: Imm{S\ CUS"" ^ CS"" 

where vr = Cp is the loop map associated to the canonical projection p : US"^ S^. 
Thus our problem reduces to a problem of " fiberwise" Morse theory, we will consider 
the filtration by the energy level on the space CUS"' induced by the map Eon. From 
this filtration one gets a Morse-Serre type spectral sequence. To be more precise 
one has a fibration 

"-^ CUS'' CS" 

and the filtration on the total space is induced by the Morse filtration (the en- 
ergy filtration) of the base. We will show that this fiberwise filtration is homotopy 
equivalent to the filtration induced by Eimm- 

If we consider this spectral sequence just as a spectral sequence of abelian groups 
it seems impossible to complete the computation, we need to enrich this spectral 
sequence with an additional algebraic data. Here string topology enters the game. 
From the foundational work of Chas and Sullivan one knows that 

e,(/:f/5") := /7,+2n-i(/:f/5") 

is a graded commutative algebra equipped with the so-called loop product [7j. 
Kingston and Goresky have proved that this spectral sequence is multiplicative for 
the loop product [12j. 

Moreover we prove that this spectral sequence collapses at the ii^2-term {E2 = 
£"00)- Thus we are left with some non trivial extensions issues that we solve by com- 
paring the preceding spectral sequences with the Serre spectral sequences associated 
to the fibrations 

ms"" cus"" US'" 

In fact the Serre spectral sequence associated to the first fibration collapses at the 
£^2-term when n is even while the second collapses at the ii^2-term when n is odd 
f jl6j). But in each cases we encounter extensions issues that we are able to solve 
by comparison with the Morse spectral sequence. Thus if we want to complete the 
computation we need to use these three spectral sequences together. Then we get 
our main result : 

Theorem 0.1. Let n > 2 be an integer. Then M^{Imm{S\ S^"")) ~ M^{CUS^'') is 
isomorphic to the algebra 

where IZ is the ideal generated by 

(2?/_2n, 2/c_i, 2a2n-2, a^-4n+ll/-2n, X-^n+lk^l, l/^2n) l/-2n^-l — a^-4n+ltt2n-2) 

and EI*(/mm(S'^, 5'^"+^)) ~ M.^{CU S'^'''''^^) is isomorphic to the algebra 

Z[v2n, y-2n, M4n-2] ® A(x_2n-1, 2n7 0-iy-2n, 2U4n-2y-2n)- 

Remarks Let us give some additional informations about the preceding compu- 
tations. 

(1) First let us notice that the evaluation map 

evo : Imm{S\S'') US'" 
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has a section geod this section associates to each unit tangent vector u G US^ 
the unique great circle (the prime geodesic) 7^ such that 7m(0) = u. In homol- 
ogy (e^o)* and {geod)^ are morphisms of algebra between the intersection homology 
algebras M.^{US^) and M.,,{Imm{S^ , S^)). Explicitely one can identify the algebra 
EI*(f/S'^") with the subalgebra of EI*(/mm(S'\ S"^")) generated by the classes y-2n 
and x_4„+i, in the odd case we can identify EI*(f/S'^"^^) with the subalgebra of 
EI=i,(Jmm(S'\ S"^""*"^)) generated by the classes y-2n and x_2n-i- 

(2) Let ImniuiS^, S^) = evQ'^{u) be a fiber of the evaluation map 

evo : /mm(5\5") ^ US'". 

We consider the inclusion 

J : Immu{S\ 5") /mm(5\ 
in homology we have the intersection morphism 

J = J, : m,{Imm{S\ 5")) ^ H,{Imm^{S\ 5")) 
which corresponds to the classical intersection morphism 

Int : e,(/:f/5") ^ H,{QUS'') 
of string topology. In the even case, we have 

the morphism / is given by /(a;_4„+i) = I{y-2n) = H^-i) = /(a2n-2) = 
a2n-2, -^(/54n-2) = P4n-2- In the odd casc we have 

and /(X_2n-l) = /(y-2n) = ^(^-1) = 0, /(f2n) = V2n, /(M4n~2) = (/2n-l)^- 

(3) Over the field of rational numbers these computations become easier because 
rationaly t/^^n ^4n-i US^''+^ ~q S^^+i x S^". 

(4) The computation of the loop algebra M.^:{CUS"') is also related to two other 
topological problems. One knows that the space US"' is homotopy equivalent to the 
configuration space Fs^S") of three points into S", in fact the projection 

projs,i : F,iS-) ^ 5" 

given by proj3^i{xi,X2,X3) = Xi is fiberwise homotopy equivalent to 

p:US" ^ S". 

The computation of the homology of CUS"' is essential into the understanding of 
probems of 3-body type into S*", we refer the reader to Fadell and Husseini's mono- 
graph [TU]. This computation is related to symplectic topology, from recent work 
of Abbondandolo and Schwarz one knows that the loop algebra M^^^CUS"") is iso- 
morphic as an algebra to Floer homology H F^{{TU S"")*) of the cotangent bundle 
of US"" together with the pair of pants product pLj. 

Plan of the paper : 

Section 1 : we recall some basic facts about immersion spaces and string topology. 
Section 2 : we build our main technical tool the Morse-Serre spectral sequence and 
show its compatibity with the loop product. We play with various filtrations of loop 
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spaces : the length filtration, the energy filtration and the filtration by the square 
root of the energy. 

Section 3 : this section is devoted to the computation of the 0-th column of the 

Morse-Serre spectral sequence. 

Section 4 : we compute M.^{Imm{S^, S"^"")). 

Section 5 : we compute M.^{Imm{S^, S"^""^^)). 

Acknowledgement. The authors thank Frangois Laudenbach for a careful read- 
ing of a first version of this paper. The authors are supported by the "Laboratoire 
Paul Painleve, UMR 8524 de I'Universite des Sciences et Technologic de Lille et du 
CNRS", by the GDR 2875 "Topologie Algebrique et Applications du CNRS". The 
first author's research is supported in part by ANR grant 06-JCJC-0042 "Operades, 
Bigebres et Theories d'Homotopie" . 

1. String topology of immersion spaces 

1.1. Loop product. We recall the definition of Chas-SuUivan's loop poduct [7j. Let 
M be a d-dimensional connected, compact oriented manifold. Moreover we suppose 
that M is closed that is to say without boundary. Let Sm '■ M ^ M x M, x i— (x, x) 
be the diagonal embedding. We also denote by Sm '■ C,M x m ^ CM x CM the 
embedding of composable loops where 

CM XmCM = {(7i, 72) eCMx CM/^^{0) = 72(0)}. 

We have the following pull-back diagram: 

CM Xm cm ^ CM X CM 

i i ef X evo 

M ^ MxM 

and we have a composition map compM '■ CM x m CM CM that concatenates 
the composable loops. To be more precise, the composition map is a continuous map 
given by compM{'J,'j')it) = 'j{2t) if < t < 1/2 and compM{,l,l'){t) = I'i'^t — 1) if 
l/2<t<l. _ 
As a pull-back of the diagonal embedding, the embedding 6m is smooth and finite 
CO dimensional, so it is possible to define a shriek map 

51,, : H,{CM X CM) ^ H,_a{CM Xm CM). 

Let us brievely recall the construction of this shriek map for a smooth embedding 
j : A * y of finite codimension k, where X and Y can be, and this is our case, 
infinite dimensional manifolds. We suppose that this embedding is co-oriented, 
that is to say the normal bundle of j is an oriented vector bundle. For such an 
embedding we suppose that there is a tubular neighbourhood Tub{X) of j{X) that 
is diffeomorphic to the total space of the disc bundle Dk{X) ^ X of the normal 
bundle of j and let Sk-i{X) ^ A be its associated sphere bundle. Then j\ : 
H^{Y) H^_k{,X) is defined as the composition of: 

a) The inclusion of pairs H^.{Y) H^,(Y, Y — j{X)) 

b) The excision isomorphism 



H,{Y, Y-jiX))^ H,{TubiX), Tub{X) - j^X)) 
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c) An isomorphism induced by an homotopy equivalence 

H,{Tub{X),Tub{X)-j{X)) ^ H,{Dk{X),Sk-i{X)) 

d) The Thom isomorphism H^:{Dk{X), Sk~i{X)) H^_k{X) that is the compo- 
sition of the cap product with the Thom class r G Hi:{Dk{X), Sk-i{X)) with the 
map TT* induced by the canonical projection vr : Dk{X) X. If the embedding is 
not co-oriented we have to use singular homology with local coefficients. 

The Chas and Sullivan loop product /i is defined as the following composition map: 

/i : H,{CM)(g)H,{CM) ^ H,{CMxCM) H,_dijCM Xm CM) """Z"" H,_d{C-M). 

where x denotes the cross product. For other constructions of this product we 
refer the reader to Sullivan's survey paper [2T]. Let us recall some basic facts about 
this product 

(1) When suitably regraded i.e. we define EI*(£M) := H^^^iCM) the loop 
product is unitary and commutative. 

(2) The loop product is compatible with the intersection product of M. Let us 
recall that EI^.(M) := H^,^d{M) together with the intersection product is a 
graded commutative algebra called the intersection algebra. The evaluation 
map evo : CM — > M and its section c : M ^ CM the constant loop map 
induce two morphisms of algebras 

The algebra EI*(M) is isomorphic to a sub-algebra of the loop algebra, the 
unit of n is equal to (c)*([M]) where [M] is the fundamental class of M. 

(3) The composition of based loops induces in homology 

the Pontryagin product which has a unit and is associative. The inclusion 
j : flM —>■ CM can be considered as a codimension d embedding. Thus one 
can define a shriek map 

Int ■.= jr- M^CM) H.iyiM). 

This is a morphism of algebras called the intersection morphism. 

(4) There are several constructions of the loop product, some are purely alge- 
braic, others use stable homotopy theory. A chain level description of the 
loop product has been given by F. Laudenbach in [T^, the author uses his ap- 
proach to give a nice construction of the multiplicative structures considered 
in [12] and in this paper. 

1.2. Hirsch-Smale's theorem and loop products. Let M be a smooth Rie- 
mannian manifold and let UM he the unit tangent bundle. We consider the evalu- 
ation map 

evo : Imm{S\M) UM 
defined by 6^0(7) = . This evaluation map is a fibration, this was first proved 
by S. Smale [HI Theorem B]. But one can prove a stronger result, in fact this map 
is locally trivial. We use a theorem of R. S. Palais [TTJ Theorem A] : the group 
of diffeomorphisms Diff{M) acts on Imm{S^, M) and UM, the evaluation map is 
equivariant and UM is a Dif f {M)-spa.ce admitting local cross-sections (let x G UM 
be a unitary tangent vector there is a map X'^i ^ neighborhood U of x into Diff{M) 
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such that x{u){x) = u for all u & U), then by [JX Theorem A] the map evo is locally 
trivial. 

We have the following pull-back diagram: 

Imm{S\M) XuM Imm{S\M) ^ Imm{S\ M) x Imm{S\M) 
i levox evo 

UM ^ UM X UM 

and a composition map 

comp : Imm(S^, M) Xum Imm{S^, M) — > Imm(S^, M) 

one can proceed as in the preceding section and define an immersion product and 
an immersion algebra 

m,{Imm{S\M)) := H,+2d~i{Imm{S\ M)). 

We also notice that if m G UM and if Immu{S^ , M) := (efo)^^('u) we have an 
intersection morphism 

e,(/mm(5\M)) ^ if,(/mm„(5\M)). 

Remark. The definition of the map comp needs to be modified slightly. First 
we notice that the concatenation of two composable immersions is not well defined. 
Let 7 and 7' be two composable immersions. At t = the loops 7 and 7' do not 
have the same tangent vector but their normalizations are the same by definition of 
the space of composable immersions. Thus after concatenation of the composable 
immersions we reparametrize the loop by its arc length. We also notice that the 
concatenation is a piecewise C^-path. This space of piecewise C^-immersions is ho- 
motopy equivalent to space Imm{S^, M) of C°°-immersions. We should also work 
with piecewise C^-paths rather than C°°-paths (all these spaces of loops and paths 
are homotopy equivalent see (TS]). 

Now we relate the immersion algebra to the string topology intersection algebra 
of UM. By Hirsch-Smale's homotopy theory of immersions (|13], [20]) we know 
that the differential 

D : Imm{S\M) CUM 
is a homotopy equivalence. We have a map of fibrations 

ImmuiS\M) ^ Imm{S\M) ^ UM 
ID^ ID lid 

VLJJM ^ CUM ^ UM. 

This map is a morphism of fiberwise monoids in the sense of Gruher and Salvatore 
Thus we have: 

Lemma 1.1. Let M he a connected closed smooth manifold then gives an iso- 
morphism of algebras between the immersion algebra M.^:{Imm{S^, M)) and the loop 
algebra m^{CUM). 

Let us suppose that M is 1-connected. Following Cohen- Jones- Yan, the Serre 
spectral sequence associated to cvq is multiplicative with respect to the loop product. 
This structure involves the intersection product on the homology of the base and 
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the Pontryagin product on the homology of the fiber. Our first computational tool 
is this multiplicative spectral sequence: 

:= mf,{UM,Hg{QUM)) Up+giCUM). 

Let us consider the unit tangent bundle 

Sd-i ^UM M. 

Our second computational tool is associated to the fibration n := Cp 

CS'^-^ CUM ^ CM. 

The second's author has proved in his PhD thesis [16j that the Serre spectral se- 
quence of this fibration is multiplicative for the loop product. We have 

:= ep(/:M,e,(£5"-i)) m^^^icuM). 

If Um C M is a neighbourhood of a point m & M diffeomorphic to M'*, the differential 
maps the space imm{S^, Um) into CUM.'^. Let us denote by triv the trivilization map 

triv : UR"^ ^ R"^ x S"^'^ 

and we define tr : CUR'^ CS'^-^ astr := C{pr2otriv). Iff : Imm{S\M) CUM 
is the canonical inclusion, then we have a diagram 

Imm{S\Um) — > Imm{S\M) CM 
itroD ID lid 

CS'^-^ — > CUM ^ CM. 

In this diagram each vertical map is a weak homotopy equivalence. The right hand 
side square is strictly commutative whereas the left hand side square is commutative 
only up to homotopy. 

1.3. Loop algebra for spheres. We have seen that the loop algebra of spheres 
plays a major role in the determination of the immersion algebra of a manifold. Let 
us recall Cohen- Jones- Yan's computation of these algebras 

A (a) ® 1j[u] for n odd 
(A(6) (S> Z[a, v])/{a^, ab, 2av) for n even 

In the Serre spectral sequence of 

QS"" CS" ^" 

we have a G M_„(/:5") ^ E!°„^o, b G m.i{CS"') = E^„_„_i, u G M„_i(£5") = E^„_i 
and V G M.2n-2{CS"') = Eg°2„_2- In ths next section we will show how to recover 
these results using Morse theory. 

2. Loop Product and Morse Theory 

2.1. Morse theory for loop spaces. In this section we recall some basic facts 
about Morse-Bott theory for loop spaces, we refer the reader to Bott's papers [5| 
and to p]. Let W he a manifold and / be a real valued function on W. A connected 
submanifold N G W is said to be a nondegenerate critical manifold of W if the 
following conditions are satisfied. 

1) Each point p G iV is a critical point of /. 

2) The Hessian of / is non degenerate in the normal direction to A^. 
Spelled out this last condition takes this form: 
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3) we consider a small tubular e-neigliborhood We{N) of A^, which is fibered over 
by the normal discs swept out by geodesies of lenght < e in the normal direction 

to A^, relative to some Riemannian structure on W. Then, the condition 3) is 

equivalent to the following assumption: 

/ restricted to each normal disc is nondegenerate. 

In this case we decompose the normal bundle vN into a positive and a negative 
part. 

= u+N © u~N, 

where I'pN and i^'N are respectively spanned by the positive and negative eigen- 
directions of the Hessian of /. The fiber dimension of u'N will be denoted 
and refered as the index of N rel f. We refer to this conditions as "the Bott non 
degeneracy conditions" and say that / is Morse-Bott. 

Let us concentrate on the case of the free loop space CM of a (i-dimensional compact 
Riemannian manifold M. We work with piecewise smooth loops, we consider the 
Sobolev class H^{S^, M). Such a model has the advantage to be a Hilbert manifold. 
The function we consider is the energy functional 

E : £M ^ M,7 ^ / \\j{t)fdt. 

The critical points of the energy are the closed geodesies. In order to use Morse 
theory we pick a metric on M such that this function is Morse-Bott. Thus the 
critical points of E are collected on compact critical manifolds that satisfy the Bott 
non-degeneracy conditions. 

In general this condition holds for a generic metric on M. According to R. Bott 
[5] this genericity follows already from general position arguments in Morse's work. 
In W. Ziller Theorem 2] proves that globally symmetric spaces satisfy this 
condition. This result was proved precedently by R. Bott for the loop space with 
fixed endpoints Q{M,p,q) of a globally symmetric space. 
Let = Ao < Ai < ... be the critical values of the energy function E and 

CM^^^ := E-\]-oo;\i]). 

The spaces CM-^^ give rise to a filtration of CM that provides a filtration of the 
singular chain complex C^{CM). We define 

FpCp+,(/:M) := Cp+,{CM^^^). 

Now let us identify the graded module associated to this filtration. Let S^, be the 
critical submanifold associated to the critical value A^ namely 

= {7 e CM/E{-f) = \r, and dE{-f) = 0}, 

this manifold is finite dimensional. 

For the moment we assume that the critical submanifold is connected. The tangent 
bundle of CM restricted to S^. splits in three parts: 

TCM\^^ ~ © © /i+ 

corresponding to the signature of the hessian of E at the point 7. The main result 
of Morse theory for free loop spaces is that there is a homotopy equivalence 
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for a gluing map fr : S{fi~) CM^^^-K The quotient CM^^^ / CM^^--^ is ho- 
motopically equivalent to the Thom space Th{fi~) of the bundle This proves 
that 

EpCp+4CM)/Fp^iCp+4CM) = Cp+4CM^^-,CM^^^-') 

is quasi-isomorphic to Cp+^{Th{Hp)). The case of several isolated critical manifolds 
can be treated in the same fashion. 

The filtration leads to a homology spectral sequence called the Morse spectral se- 
quence. 

Theorem 2.1. Let M he a metric such that the energy is a Morse- Bott function. 
The energy filtration of C^{CM) induces a spectral sequence 

{E:^,iM)iCM)}reN 

converging to H^{CM) 

We suppose that the critical set Sp with critical value Xp is a union of connected non- 
degenerate manifolds Ni and that fi^ denotes the negative part of TCMy . Then 
the E^-page Elg{M){CM) = Hp+q{CM^^^ , CM^^^-^) is isomorphic to the reduced 
homology ®iHp+g{Th{fi~)). 

Remark. Let Ni be a connected component of a critical set Hp, the theorem 
above and the Thom isomorphism gives an isomorphism 

only when the negative bundle /i~ of dimension ap is oriented otherwise one has to 
use coefficients in the orientation bundle of fi~ . 

2.2. Loop products in the Morse spectral sequence. In this section we lift 
the Chas-Sullivan product at the chain level in order to get a multiphcative Morse 
spectral sequence. In [15] F. Laudenbach has given an alternative construction of 
the multiplicative structure of this spectral sequence. 

The use of the length filtration The composition map compM is not compatible 
with the energy filtration, in [12j the authors changed this map by a parameterized 
composition map. However, if one wants to use the map compM one has to work 
with the length filtration rather than the energy filtration. Because of its geometric 
flavour this filtration is more natural and will be very useful in the fiberwise case. 
Let CMf" be the space of loops 7 of length -^(7) < a. By the Cauchy-Schwarz 
inequality one has the inclusion 

this inclusion is a homotopy equivalence and this map has a homotopy inverse. Let 
us be more precise we consider the subspace A{M)-'^ C CM of loops 7 parametrized 
proportionnaly to arc length such that L{'y) < a. If 7 G ^(M)-" the length -^(7) 
is equal to -^(7). One can also filter the space A{M) by the length of loops by 
[T2i prop 2.2] this filtration is homotopy equivalent to the Morse filtration of CM 
by E and to the length filtration of CM. In fact the inclusion A{M) C CM has a 
homotopy inverse 

A:CM^ A{M) 
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which associates to any path the same path parametrized proportionally to ar- 
clength, with the same basepoint. This map does not change the lentgh of the loop. 
We have the homotopy equivalences of pairs 

From now on, we use the length filtration in order to take advantage of the formula 

L^compuin^l')) = L{-f) + L{-f'). 

By abuse of notation we use the same notation for the length filtration and the 
energy filtration. 

The chain level product Let j : X Y he a co-oriented finite codimen- 
sional embedding and let C*(X) be the singular chain complex of X. If we chose 
f G C''{Dk{X), Sk^i{X)) representing the Thom class at the chain level, we can 
define j\ : C^:{Y) —>■ C*__fe(X) that induces j\ in homology whatever the choice of the 
cocycle representing r is. So let us consider the Chas and Sullivan loop product at 
the chain level, we have the following diagram 

i X 

i Sm 
i [compM)* 

Condition (CI). Let M be as in the preceding section a d-dimensional compact 
oriented Riemannian manifold. The main hypothesis that we need here is that all 
geodesies 7 are closed and simply periodic with the same prime length /. We recall 
that this means that 7(0) = 7(1), 7(0) = 7(1), 7 is injective on (0, 1) and the length 
of 7 namely 1^(7) is equal to / if 7 is prime. 

Moreover we suppose that all the negative bundles of critical sets are oriented. We 
denote this condition by the condition (CI). Spheres, complex projective spaces, 
more generally 1-connected globally symmetric spaces of rank one all satisfy this 
condition. In fact R. Bott proved in |3] that the singular cohomology of a space that 
satisfies condition (CI) is isomorphic to the cohomology of an irreductible symmetric 
space of rank 1 . 

The fundamental point for us is that the condition (CI) implies that Ar + Xr' = 
rl + r'l = {r + r')l = Xr+r'- Under this condition the loop product gives a product 

FpCp+q{CM) (g) FpiCpij^qi{CM) — > Fpj^piCp^qj^pij^qi-d{£^M). 

This implies the following proposition. 

Proposition 2.2. Let M he a d-dimensional compact Riemannian manifold that 
satisfies condition (CI). Then, the loop product induces a multiplicative structure on 
the shifted Morse spectral sequence Wpg{M){CM) := El^^^^{M){CM) . 

Remark. Of course the inequality + A,.' < A^+r' is essential in order to have 
a multiplicative structure. It would be interesting to investigate the existence of 
metrics that satisfy this condition, in particular in the case of connected sums of 
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symmetric spaces. 

The following Lemma gives the bi-graded module structure of E^^(A1)(£M) in 
function of H^{M), H^{UM) and of a-r- Where is the index of the critical value 
Aj. namely the dimension of the fiber of /i~ — S^. 

Lemma 2.3. If M is a Riemannian manifold that satisfies condition (CI), then for 
r > we have isomorphisms of modules 

Proof. By retraction along the gradient flow lines of the energy functional the 
space £M^^'' retracts to CM-^^^^. This gives an isomorphism 

The right term is equal to H^{CM^^\ CM^^- - S,.). By excision isomorphism, it is 
isomorphic to H^{Da^{T.r), Sa^^i{T.r))- Next, 5'q,,,_i(S.,.)) is isomorphic 

to H^_a,.{UM) by the Thom isomorphism. Since M satisfies condition (CI), then 
is diffeomorphic to UM. The composition of these isomorphisms gives the required 
isomorphism 0^ : H^{CM^^^ , CM^^-^) H^_a^{UM). 

Corollary 2.4. The bigraded module ®p^q>oEp g{A4){CM) is isomorphic to Hq{M) 
ifp = and to ®p>i,g>oHp+g^a^{UM) ifp>l. 

Proof. This is direct application of Theorem 12 . 1 1 and of Lemma [2731 

The multiplicative structure. In what follows we reformulate Corollary 12.7 
of Theorem 12.5 of [12]. We introduce a bigraded algebra As bigraded mod- 

ule, A^^^ is a regraduation by a translation of d of the bigraded module of Lemma 
O We set Ao,g := H,(M) and Ap^g := Mp+g^^^iUM) < Tp > if p > where T is 
an element of bidegree (l,ai + d — 2). Moreover we suppose that we have Bott's 
iteration formula: 

ctp = pai + {p- 1) + {d- 1). 

The multiplicative structure of A^^^ is given by : 

1) the intersection algebra EI,,(M) if p = 0, 

2) the algebra M.p+g_ap{UM)[T]>i of polynomials of degree > 1 in T when p > 0, 

3) the products involving an element of EI*(M) and an element ofMp^g^apiU M)[T]>i 
is given by a topological EI*(M)-module structure on EI^,(f/M) we denote it by 

m : e,(M) ® MtiUM) e,+t(f/M). 

This structure is given by the map 

m = 6m^- o X 

where x is the cross product 

Hi{M) ® Hj{UM) ^ Hi+j{M X UM) 
and ^Af! is the gysin map associated to 6m defined using the pull-back map 

M Xm UM^^^ M X UM 



idxp 

M^ X M 
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at the homology level we have the morphism 

H„(M) ® B.^{UM)T^ B.u+viUM)T'' 

Theorem 2.5. Let M he a d- dimensional compact Riemannian manifold that satis- 
fies condition (CI). As algebra, Kl ^{A4){CM) is isomorphic to In other words, 
the multiplicative structure on the shifted Morse spectral sequence q{A4){CM) := 
Ep,q+di^)i^M) given at the -level by: 

El,{M){CM) =m,{M) ®M,{UM)[T]>i. 

The bidegree of T is (l,ai -\- d — 2), elements of EI*(M) and of M.^{UM) are of 
bidegree (0,*). We have 

El^{M)iCM)=m,{M) 

and for p > 1, 

The multiplication between the 0-th column and the others is induced by the M.^{M)- 
module structure on M.^{UM). 

Proof. The Corollary 12.41 tells us that Kl ^{Ai){CM) and A^^^, are isomorphic as 
modules. It remains to prove that there multiplicative structures are isomorphic. 
This is a direct consequence of the diagram page 39 of [12] see also [I5]. The diagonal 
map on UM factorizes as 

UM ^ UM Xm UM ^ UM x UM 

For simplicity, we denote CM-^'' by A^. At the level of homology we have the 
following commutative diagram 



i7p(Ar,Ar_i) ® H,pi{A.r' ^ -^r'-i, 



iJp+p/(A,. X A^/, Ar X A,,/_i IJ Ar_i X A, 



<5m! 



4>r X 4>^ 



compM , 



We recall Bott's iteration formula [Ij 



Hp_^XUM)®Hp..^AUM) 



Hp_^^+p,_^^XUM xUM) 

5m! 



Hp {UM Xm UM) 

5s! 



p-Or+p' —a^/ -d—{d—l) 



(UM) 



Then we have: 



Or+r' = Ctr + Cir' + d — 1. 



Hp+p'-d{-^r+r' , -^r+r'-l) ^ Hpj^pi _d-a^^^i{U M) . 



Thus we have for p > 1, the following multiplicative identification 

¥}^(M){CM) = e„,(f/M) < TP > . 
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For p = 0, we observe that M.^{CM-^,CM- ^) with the loop product is in fact 
EI*(M) with the intersection product. This allows us to identify the O*'' column 

El^iM)iCM)=m,iM). 

And for p or p' equal to zero, we get the Eq ^(A^)-module structure given by m on 
El^{M){CM). 

□ 



2.3. The example of spheres. Let us illustrate the preceding theorem, we con- 
sider the case of spheres. The computation of the Betti numbers was done by Bott 
in [3]. Bott's method was used by Ziller to completely determine the homology of 
free loop spaces of symmetric spaces of rank one [22]. Ziller proved that the Morse 
spectral sequence collapses at the i?i-term. 

We recall that on the n-sphere together with its standard Riemannian structure, the 
closed geodesies are represented by non-degenerate critical manifolds of two types: 
Geodo= S"' corresponding to constant loops, 

Geodk= US"- corresponding to the great circles starting to a unit vector u E US"' 

and traversing that circle k times. 

The indices for k > are given by the formula 

index{Geodk) = {2k — l){n — 1). 



We consider the Morse spectral sequence for spheres. The ii^^-term is generated by 
elements on E^^ and on Ej^. As we have a spectral of algebra the differential d^ is 
a derivation, thus to compute d^ it suffices to compute it on Eq^ and El^. Thanks 
to inclusion of the constant loops in CS", which is a section of the evaluation map, 
we deduce that all the elements of Eq^ must survive. We thus have that d^ = 0. As 
algebra we find that E'^ = E"^ and for degree reasons the derivation satisfy d"^ = 
for r > 1. Finally we have E°° = E^. 

In the even case, there is no extension issue. In the odd case, one is left with 
one multiplicative extension issue, but one can solve it by using the intersection 
morphism 



At the end we recover that 

e (cs"-) = I ® ^^"^ •^^^ ^ 

*^ ^ I {A{b) i^Z[a,v])/{a^,ab,2av) forneven 
in the Morse spectral sequence we have a G IE[f_„, b G IE^_2, u G IE^„_2 and 

It may be interesting to notice that the energy filtration on spheres corresponds to 
the filtration of algebraic loops on spheres by their polynomial degree [2], the same 
fact holds for complexe projective spaces. 

2.4. Morse-Serre spectral sequences. In this section we define a fiberwise ver- 
sion of the preceding spectral sequence. This spectral sequence is associated to a 
fibration 

Fiber E ^ B 
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where we have a Morse filtration of the base B (in our case the length filtration of 
a loop space) and we use it to filter the total space E. In the classical case, where 
we have a smooth fiber bundle 

Fiber N M 

of closed oriented compact manifolds and a Morse function / : M ^ M, we re- 
cover the Leray-Serre spectral sequence of the fiber bundle. This approach is very 
close in spirit to the treatment of Floer homology of families, see for example M. 
Hutchings'paper 



2.4.1. Definition of the spectral sequence. Let M be a d- dimensional compact ori- 
ented Riemannian manifold. Assume that the critical points of the energy function 
on CM are collected on compact critical manifolds. We also assume that each of 
these critical manifolds satisfy the Bott non-degeneracy condition. 
Let p : X — i> M be a Serre fibration (resp. a fiber bundle) over M with fiber F 
such that F is a closed smooth manifold of finite dimension /. Let us consider 
the fibration (the fiber bundle) vr := Cp : CX — > CM with fiber CF. As in the 
preceding sections, we filter CM by the critical values of the energy functional. 
This filtration induces a filtration on CX that we denote by CX<x^ defined by the 
following pull-back diagram. 



CX 



CM 



<ArC 



CX 



CM 



We define 



:= {7 e CX/E{Tx{-i)) = \r, and dE{7r{-f)) = 0}. 
We remark that is obtained from vr and by the following pull-back diagram 

Yir'" CX 



CM. 



Moreover for the sake of simplicity we suppose that these critical sets are connected. 
By pulling back over TCM, we define /i~ in the following way. Let TCX be the 
space defined by the following pull-back diagram 



^ — , pro-i 

TCX -CX 



Tn 



proi 

TCM ^ CM. 



Where proj is the canonical projection of TCM. Then, since 



Tn 



the total space of the bundle T£M|_ — > splits in three parts 



TCXi^ ~ /X7 ©//O ©/xH 
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Ttt 



TCM\ 



i4 ® 



pro] 



proj 



Theorem 2.6. Let p : X ^ M be a fiber bundle over a Riemannian mani- 
fold equipped with a metric such that the critical sets of the energy functional on 

CM satisfy the Bott nan- degeneracy condition. Then the fiberwise energy filtra- 
tion of C^{CX) induces a spectral sequence called the Morse-Serre spectral sequence 
{El^^{MS){TT)}r£n converging to H^{CX) denoted by 

e;^^{ms){'k)^h,^,{cx). 

The E^-page is given by Elg{MS){n) = Hp+g{CX^x^, CX<x^_J so that EI^{MS){'k) 
is isomorphic to the reduced homology Hp^q{Th{iJ,~)). 

Proof. We have a pull-back square 

the embedding of CX<Xp-i into CX^x^ has a normal bundle which is the pull-back 
of the normal bundle of the embedding of CM-^p^^ into CM-^^ . We recall that 
the space CM-^p / CM-^p-^ is homotopy equivalent to the Thom space Th{^^) we 

deduce that CX<x^/ CX<x^_^ is homotopically equivalent to the Thom space Th{n~). 

□ 



2.4.2. Compatibility with the loop product. We assume that M satisfies the condition 
(CI). 

The embedding Sx '■ X ^ X x X,x ^ {x,x) factorizes by the map Sj. defined by 
the following pull back diagram 



X XmX 



^X xX 



PXMP 



pxp 



MxM 



and by the canonical map Sx : X X Xm X induced by the diagonal map on 

X and the projection on M. Thus, we have ()x = (^x ° ^x- denote by 5^ the 
pull-back of 6x over the free loop fibration, i = 1,2. We remark that 6x is a smooth 
embedding of codimension dim{F), we denote it by /. 
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Let US recall that FpCp+q{jCX) — Cp+q{jCX<Xp) then the loop product is given by 
the following composition map. 



Cp+q+p'+q'{^X<^Xp X CX<Xp,) 

Cp+q+p'+q'-d{^X<Xp Xm ^X<X^) 
4! 

Cp+q+p'+q'-d-fi^X<Xp Xx^X<x,) 



compx» 

Cp+q+p'+q'-d-f{^X<Xp+Xj,,) = C!p+q+p'+q'-d-f{^X<x^^j,,) 

This gives a multiphcative structure to the (0, (i+/)-regraded Morse Serre spectral 
sequence. We have the following proposition 

Proposition 2.7. Let M be a Riemannian compact d- dimensional manifold that 
satisfies condition ( CI). Let n : X ^ M be a fibration over M. Then, the loop prod- 
uct induces a multiplicative structure on the regraded Morse Serre spectral sequence 

2.4.3. The first page. Now let us focus on the i?^-page of the Morse Serre spectral 
sequence. In order to describe this first page and its multiplicative structure we will 
introduce a bigraded algebra .A^^, this bigraded algebra is the fibrewise analogue of 
the bigraded algebra A*,* introduced in the preceding sections. 
Let M and UM the fiberwise analogues of the spaces M and UM : 

a) the space M is defined as the pull-back of the inclusion of constant loops M C CM 
along the fibration tt : CX LM. We thus have a fibration c : M ^ M. 

b) the space UM is defined as the pull-back of the map geod : UM ^ CM which 
associates to a unit tangent vector u the unique closed geodesic such that 7(0) = u. 
We also have a fibration b : UM UM. 

We define a multiplicative structure on M^[UM) := H ^.j^d+d-i+ f {U M) that mixes 
the intersection product on UM and the loop product on the fiber LF of tt. This 
product is associated to the following commutative diagram 



jCFxjCF 



UM X UM 



bxb 



UM X UM 



Sum 



CFxCF 
CF XpCF- 

compp 

I 

CF 



UM XuM UM 



-bxuMb 



UM 



comp^oo 



^UM 



UM 



UM 



UM 
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where UM denotes the composable loops of UM. The product is given by the 
composition 

compfjj^oo o 5f\ o 5um^- o x. 

In the same way we a define a multipUcative structure for the homology of M 
by considering it as the total space of the fibration c. This provides EI*(M) := 
H^j^dj^f{M) with a structure of algebra. 

Furthermore, there is a structure of lHI*(M)-module on 1HI*([/M). This structure 
comes from the following commutative diagram 



CF X CF 



M X UM 



cxb 



CF X CF 
CF XpCF 

compp 



^ ^ 

M X M UM 



M X UM 

Sm 

^UM 



UM 



CF 



^UM 

where Sm denotes the following inclusion 

Sm ■■ UM ^ M X UM 

X I— >• {pr-oj{x),x) 



UM 



UM 



with proj : U M 
is given by 



M is the canonical projection. The module structure 

fh ■ M,(M) O m^{UM) m,{UM) 



m 



compfjj^^ oSpjo Sm^- o X . 



Definition 2.8. These products on M.^,{UM) and on ]HI*(M) are called the fiberwise 

intersection loop product. The module structure m ofM.^{M) on M.^{UM) is called 
the fiberwise loop product module structure. The bigraded algebra A^^ is defined by 

l)Al, = M,{M) 



2) = Hg_p«,([/M) <TP > with T of hidegree (1, + d - 2) for p > Q 
the multiplicative structure is given by the fiberwise loop product. 

Let us give the main Theorem of this section. This theorem will be one of the 
main computational tool of this paper. 

Theorem 2.9. Let M be a d-dimensional compact oriented Riemannian manifold 
that satisfies condition (CI). Let p : X ^ M be a fibration over M. The E^-page 
of the regraded Morse Serre spectral sequence WpJ^M.S){T:) :— Epg_^^_^f{MS){Tr) is 
isomorphic as a bigraded algebra to A^^. 



Proof. For r > 1, we define 

(pr '■ F[^{CX<Xr-:^^<\r-l] 



H,_ariUM) 
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by composition of the Thorn isomorphism: 

with the identification of H^_aX'^r) with H^^aXU M). Let us denote CX^\^ by A^, 
the proof follows from the following commutative diagram 



Hp+p/{Ar X Ar', Ar X Aj.-i U A^-i X A^') 



(pr X<pr 



^Hp_^XUM)®Hp,_^^,{UM) 



Hp+p,^ar-a^,{UM xUM) 

Sp]OSuM<. 



comp~oo 



Hp+p>_d-f{Ar xx A,/, A, Xx A,_i U A,_i x^ Ar')^^ — ^ Hp+p,_^^_^^,_d-(d~^)-f{UM ) 

compx t 

Hp+p'-d-fiAr+r') 

The last line can be rewritten 



Hp+p'-ar~a^,-d-(d-l)-f{U M) 



Hp+p'-d-f {Ar+r' ) Ar+r'-l) Hp+p>_a^^^,_d-id-l)-f{UM). 

For p = 0, we notice that M^{CX<0: 'C.X^^i) with the loop product is in fact EI*(M) 
with the fiberwise intersection loop product. This allows the identification of the 
0*'* column 

□ 



3. The 0-th column of the spectral sequence 

In this section we begin the computation of EI^,(Jmm(S'^, S'^)). By using Hirsch- 
Smale theory wc replace the space Imm{S^,S'^) by the loop space CUS"' and we 
consider the fiber bundle 

£5"-^ ^ jCUS'' JOS'" 
associated to the unit tangent bundle 

5"-^ ^ US'" 5". 

We filter the space CU S'" by the length filtration of the base £5" and compute the 
associated spectral sequence. We notice that the 0-th column of the £'^-tcrm of this 
spectral sequence is the homology of the space of vertical loops of CUS^'. Vertical 
loops are the loops of C/5'" constant on 5"". We denote this space by CUS'^ 

3.1. The even case. 

Proposition 3.1. The algebra ^.^{jCU S^'^) is isomorphic to 

Z[a,6,c]/(6^26,a^a6) 



with deg{a) = —An + 1, deg{b) = —2n and deg{c) = 2n — 2. 
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Proof. 

By Theorem 12.91 we have the isomorphism ^(A^iS)(7r) = EI*(S'^'^). Let us de- 
termine the (2n, 2n + l)-regraded Serre spectral sequence Kl^{c) associated to the 

fibration c : 5^" —>■ 5*^" with fiber £5^""^. This spectral sequence is multiplicative 
and 

since EI*(S'^") has no torsion. Then, E^^(c) is isomorphic to 

2n+l- 

On the following diagram and on the others of this paper, the symbols X represent 
the abelian group Z and the symbols O the field Z/2Z. The generators of algebra 
are represented by squares. 













x2 


































































X 




















X2: 
























































































X 


























































































x^ 








































x2: 






































































x^ 






%i: 




















^\ 
































x 















X 



iH^(5?';) 



Since this spectral sequence is a spectral sequence of algebra, we only need to 
compute the differentials on the generators. For reasons of degree, the only possible 
non zero differential is d2n{y-2n+i 

). The map ev{0) : CUS^^'^q f/S^" has a section 
so that M.^2n{U S'^"') is isomorphic to EI_2n(>S'^") namely Z/2Z. This implies that 

d2n{y-2n+l) = 2a;_2ra- 

For degree reasons and by position in the filtration, there is neither linear nor 
multiplicative extension issues so that 

EI*(5'2") = Z[w_4„+i, X-2n, U2n-2]/ (w^^4n+l) W-4.n+lX-2n, x'^2ny 2x_2n) 

where W-4^n+i '■= X-2ny-2n+i- We denote by a,b and c respectively the image of 
w_4„+i, X-2n and U2n-2 uudcr the isomorphism of graded algebra from EI^,(S'^"') to 
Eq ^(A^iS)(7r). The degrees are the same namely deg{a) = —An + 1, deg{h) = —2n 
and deg{c) = 2n — 2. 

□ 



3.2. The odd case. 
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Proposition 3.2. The algebra M^{£U S^"'~^^) is isomorphic to 

with deg{a) = —2n — 1, deg{f3) = —2n, deg{'y) = —1 and deg{6) = 4n — 2. 

Proof. As in the preceding subsection, we compute Eq ^(A1iS)(7r) by computing 
the (2n + 1, 2n)-regraded Serre spectral sequence associated to the fibration c : 

0271+1 C2n+1 























■ 








X 














■ -3 
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5 


















i ■ 











In this case, the spectral sequence collapses at the ii^^-level because the fibration 

ev{o) : CUS'^Q US"^^ admits a section and so EI„2n-i(5'^"+^) ~ Z. For reasons of 
degree, there are no extension issues. 

□ 



4. Computation of e,(/:f/52"), n>2. 

Strategy of the proof. 

(1) We begin by computing M.^.iJJS'^'^) in subsection 14. 11 we will get ^{M.S){'k). 
We do it by computing the Serre spectral sequence associated to the fibration h : 
fjS^^ US^"". 

(2) Then, we compute in subsection l4.2l the EI^,( 5^") -module structure on M.^{U 5*^"). 
This will give the multiplicative structure of the first page of the Morse-Serre spectral 
sequence Kl^^{A4S){'7i). 

(3) Next, in 14. 4[ we compute the £'°°-page of the Cohen- Jones- Yan spectral se- 
quence (that is also the .E^-page). This gives all the differentials on Kl ^{M.S){7i) 
and leads to E^, ( (tt) . 

(4) Finally, we compare the E°°-page of the two spectral sequences and we solve 
the linear extension issues and the multiplicative extension issues. 

The different stages of the proof are illustrated by pictures representing the dif- 
ferent spectral sequences for n = 4 namely in the case US^. 
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4.1. The columns of the Morse-Serre spectral sequence: Ep^(7W5)(7r), p > 
1. In this subsection, we compute the p^^ columns of the Morse Serre spectral se- 
quence of U S*^" for p > 1. 

Proposition 4.1. The subalgebraE,p ^{A4S){'n') , p>l, is isomorphic to the algebra 

with deg{i) = —An + 1, deg{j) = —2n, deg{k) = —2n + 1, deg{l) = 2n — 2 and 
hideg{T) = (l,4n-3). 

Proof. 

It suffices to compute E\ ^{A4S){tt), the other columns are isomorphic up to a 
shifting and are given by multiplication by T. 

We begin by applying Theorem 12.91 We ffist need to compute EI=^(f/S'^"^^). Let 

us prove that the algebra ]HI,,(f/S'2"~^) is isomorphic to 

Z[X-4n+l, Z^2n, U2n-2, y-2n+l\/ (x'^-^n+l^ 2z_2n, z'^2n^ y-2n+l)- 

In order to proceed let us compute the (4n — 1, 2n — l)-regraded Serre spectral 
sequence associated to the fibration b : f/S*^" — > f/S*^" with fiber £5*^""^. We have 

El^{b) = e,(f/52";e,(L52"-i)). 

Since EI^,(£5'^"~^) has no torsion, we also have 
namely this algebra is isomorphic to 

Z[X-4n+l, Z^2n, U2n-2, y-2n+l]/ {x'^-4,n+l^ 2Z-2n, Z^-2n^ l/-2n+l)- 

On the following spectral sequence and on the others of the article, the symbol O 
represents the abelian group Z/2Z. 

2n-l 
IH^LS ) 

































































X 

■X- 



























) 
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Q 
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■X- 
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) 

















Let us prove that this spectral sequence collapses at the ii^^-level. We first notice 
that the fibration vr : Si ^ Si admits a section. This section is the map 
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7 ^ (7, 

By the bundle isomorphism if) of proposition 12.71 this proves that h : US"^^ — 
US"^^ admits a section. Then, for degree reasons, the other differentials vanish. 
To achieve the proof we need to solve the extension issues. The only extension 
issue is the product z_2ny-2n+i which is defined modulo Z < x_4n+i >. But 
Z-2n is of 2-torsion, then z^2ny-2n+i is also of 2-torsion. Then the component of 
Z-2ny-2n+i is zero. The same argument works for all products z_2n2/-2n+i^^2n-25 ^ ^ 
N. 

We represent the first page of the Morse-Serre spectral sequence ¥.\ ^{M.S){'k) on 
the following diagram. 



□ 



















X X 
X X 6 




X X xo 

6 xo X 










X X 






X X 




X X Q xo 

o xo X 




(1 X O X 

X X 






IT-KI X 

X X 




xo X 

() X X 


X X 




-T-<^ 








Q xo 






X X 




1 1. T . . .n^ 




i 










() X o > 

X X 


















() iT El O 






















o 








X X 
























m 









4.2. The Ej ,(A^5)(7r)-module structure on E} ,(A<5)(7r). 

Proposition 4.2. The structure of M^i^S"^"-) -module on M.^{US'^"] 
scribed by the following products: c.i = li, c.j = Ij, c.k = Ik, c.l 
h.l = Ij , a.l = klj. The other products are zero. 



is entirely de- 
= t^, b.k = jk, 



Proof. 

It follows from the commutative diagram of section 3.2 that we have a E*^(c)- 
module structure on E*^(6). Then, we will compute this module structure using 
these spectral sequences. At the £'^-level, this module structure is given by the 
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Chas and Sullivan loop product on the fiber and by the EI=k(S'^") -module structure 
on EI*([/S'^") induced by 5m (see section 3.2). First, let us recall that 

e,(S2") = Z[A;_2n]/(A:!2n) 

and that 

IHI*(f/ 5*^") = Z[5(_4„_|.i, h^2n]/ (fi'^4n+l' 5'-4n+l^-2n, '2h^2n, 2n)- 

Lemma 4.3. The M.^,{S'^"') -module structure on EI^,(f/S'^") is given by the following 

products: k_2n-9-An+l = 0, k-2n-h-2n = and k-2n-'i-US2" = h_2n- 

Proof. 

The two first products vanish for degree reasons. For the last product, let us 
consider the canonical fibration / : US'^"' — > S*^". By Theorem 2 of [16], the following 
pullback diagram 

Ug2nC ^ g2n ^ ^ g2n 

idxf 

Q2nC__l^ g2n y. ^2n 

induces a structure of EI^(5'^")-module on the shifted Serre spectral sequence of the fi- 
bration / : [/^^n _^ g2n_ r^^iis structure is easy to compute. There is no extension is- 
sue for degree reasons. This proves Lemma H73l 

Now, let us consider the two shifted multiplicative Serre spectral sequences asso- 
ciated to the fibrations b : fAS^" -> t/^^" and c : ^ ^ S^". At the E^^-level, the 
module structure is given by the module structure of the preceding Lemma 14.31 on 
the base and by the Chas and Sullivan loop product on the fiber. Then, we have: 

(1) b.U2n-2 = Z-2n-U2n-2 and 6.?/_2n+l = ^-2nZ/-2n+l 

(2) a-U2n-2 — Z-2nU2n-2y-2n+l 

(3) C.U2n-2 = mL-2) C.?/_2n+l = M2n-22/-2n+l , C.Z-2n = M2n-2^-2n and CX-^n+l = 
U2n-2X~in+l- 

The other products vanish. For degree reasons, the only possible extension issue 
may be c.y-2n+iZ-2n- But since this product lifts to an element of 2-torsion, there 
is no extension issue. 

□ 

4.3. The multiplicative structure of E;!; ^(7W5)(7r). This subsection is the ap- 
plication of Theorem 12. 9[ Since we know all the columns of the Morse-Serre spectral 
sequence and its multiplicative structure, we have the following result. 

Proposition 4.4. The algebra Kl ^{AiS){'n-) is isomorphic to 

Z[a, 6, c]/(6^ 26, a\ ab) © Z[z, j, k, 2j, J^ k') [T]. 

with deg{a) = —An + 1, deg{b) = —2n,deg{c) = 2n — 2 and deg{i) = —An + 1, 
deg{j) = -2n, deg{k) = -2n + l,deg{l) = 2n - 2, bideg{T) = {l,An - 3). The 
multiplication between an element of the 0^^ column and an element of another 
column is given by c.i = Li, c.j = l.j, c.k = l.k, c.l = , b.k = j.k, b.l = l.j, 
a.l = k.l.j. 

This can be illustrated by the following diagram. On this diagram, we have 
represented the generators a, 6, c of the 0-th column and the generators i, j, k, I 
of the first column by squares. We also put a diamond o around the generator T. 
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We recall that this generator is of bidegree (l,4n — 3) so that its total degree is 
4:71-2 = ai. 
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4.4. Comparison with the Cohen-Jones- Yan spectral sequence. Let us de- 
termine the differentials of the Morse-Serre spectral sequence. Let us recall the 
E°°-pa.ge of the Cohen- Jones- Yan spectral sequence computed in [16] . 
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IU<IiUS^) 




O 



* — - — m m 

IH^US^) -15 -8 

The following proposition describes the multiplicative structure of this spectral 
sequence. 

Proposition 4.5. The algehra'E'^^^[ev{Qi)\ is isomorphic to 

'^[X-4n+l,y-2n, Oi2n-2, P4n-2, k-i]/X 

with I be the ideal generated by 

Proof. As the Cohen- Jones- Yan spectral sequence collapses at the £'^-term, we 
just have to give a description by generators and relations of the graded algebra 

We first notice that this algebra is generated by the sub-algebra M^[U S'^"')^H^[QU S^"") 
and an element k_i e m_2n+i{U S^"" , H2n-2{^U S^"")) = Z/2Z. We recall that 

H,(f/^2") ® H^mS^'') ^ Z[x.4n+l,y-2n, «2n-2, /?4n-2]/ J 

where the ideal J" is generated by 

{^-4n+l> ^-4n+iy-2n, 2y-2n, y-2n> 2Q;2n-2} ■ 

Thus we are left with the computations of the relations involving and the sub- 
algebra Il^{U S^'^) <^ H^{QU S'^"') . As is of 2-torsion we compute the Cohen- Jones- 
Yan spectral sequence for the coefficient ring Z/2Z that we denote by ^[ef (0); Z/2Z]. 
This spectral sequence also collapses at the £^^-term and as we work over a field we 
have 

E~ [ei;(0);Z/2Z] = H^t/^^"; Z/2Z) ® H,{nUS^'';Z/2Z). 

And the algebra morphism 

E~[e^;(0);Z]^E~[e^;(0);Z/2Z] 

allows us to prove that k^iy-2n — 3:_4n+iQ;2n-2 and that A;_i/94„_2 and A;_iQ;2n-2 
don't vanish. 

□ 
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Let US now explain how to compute the non zero differentials on E^^(Al<S)(7r). 
The module IE^4„+i,2n-2[6'^(0)] is Z/2Z. Then, we must have 

di{kiT) = 2ac. 

Since d\{iT) = by comparison with the Cohen- Jones- Yan spectral sequence, we 
must have 

di{kT) = 2c. 

The multiplication by c G Eq 2„_2(-^'^)(^) gives the differentials on c'^kT = I'^kT 
and on d^kiT = I'^kT, k E N. The comparison with the Cohen- Jones- Yan spectral 
sequence allows us to conclude that they are the only non zero differentials from the 
first column of E* ^(A^<S)(7r). We deduce the other differentials by multiplying by 
T. 
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The new generators are on the two first columns of E^ ^(A^iS)(7r). For degree 
reasons there could not have non zero differentials on this page and on the others. 
Thus we have El(MS){7i) = EZ{MS){n). 
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4.5. Solve the linear extension issues. Now that we know the £^°°-terms of the 
two spectral sequences, we have to compare them to solve their extension issues. In 
the Cohen- Jones- Yan spectral sequence we have two linear extensions issues. They 
are located in total degree —1 and in degree 2n — 2. 

Proposition 4.6. The module Hl2n_2(>CC/5'^"') is equal to Z2 Z2. 

Proof. To solve this extension issue, we use the mulplicative structure of the spectral 
sequences. By our preceding computations we have to decide if lHl2„_2(>CC/5'^") ~ 
Z2 © Z2 or Z4. Let X2n-2 be an element of M.2n-2ijC.U S^"') that represents the 
element a2n-2 in the Cohen- Jones- Yan spectral sequence and let a;_4„+i be the 
element of lowest degree in M.^{£U S'^"') . Then, the product X2n-2X-4n+i lies in 
E'^_2n_i{MS){TT) . This proves that X2n-2 lies in FoEl2„_2(>Ct/5'^") according to the 
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Morse-Serre filtration and that this generator can not be of 4-torsion but of 2-torsion. 

□ 

4.6. Solve the extension issues of algebra. 

Proposition 4.7. There is no extension issues of algebra on the Cohen- J ones- Yan 
spectral sequence E^^[ef (0)]. 

Proof. 

Now that we have solve the linear extension issues, we can write that x_4„+i, 
y-2ni «2n-2, /?4n-2 and k_i as elements of EI*(£?7S'^"). 

(1) From the Morse-Serre filtration, we know that a;_4„+i, y--2n and a2n-2 he 
in ¥J^^{M.S){'k) . Then, there is no extension issue of algebra on products 
between them. 

(2) x_4„+ifc_i = for degree reasons. 

(3) There is no extension issues concerning the products x_4„+i/34„_2, y-2nk-i, 
y-2nPin-2 and k'^_^ because of there position in the filtration. 

(4) On the Cohen- Jones- Yan spectral sequence, we see that there is a free module 
in the filtration preceding the product /94„_2fc-i. Since there is no 2-torsion 
element in this module, there is no ambiguity. 

(5) The possible ambiguity concerning /3|„_2 is solved by computing EI*(£f/S'^", Q). 
We use the fact that over the rational numbers f/S*^" is homotopy equivalent 
to S*'^~^ (the loop product is a rational homotopy invariant). 

(6) The two last extension issues of algebra namely a2n-2k-i and Ci2n-2(3in-2 
are solved by using the Morse-Serre spectral sequence where there are no 
ambiguities for these products. 

□ 

5. Computation of m^{CU 8'^'^+^) , n>2. 

Strategy of the proof. We compute E^^(7r), the term of the (2n + 1,2?2)- 
regraded Serre spectral sequence associated to the fibration tt : CU 5^"+^ CS'^"'^^ 
in 5.1. There is no linear extension issue. Then, by computing the Cohen- Jones- 
Yan spectral sequence E*^(ef(0)) in 5.2, and the Morse Serre spectral sequence 
E*^(A^5(7r)) in 5.3, we solve the extension issues of algebra from E^^(7r) in 5.4. 

5.1. The regraded Serre spectral sequence E*^(7r). We compute the last page 
of the (2n+ 1, 2n)-regraded Serre spectral sequence of the fibration vr : £f/S'^"+^ 
£^2n+i_ xhen, we deduce the graded module structure of H^.^CUS'^'^^^). 

Proposition 5.1. The last page o/E*^(7r) namely 'E'^^{7c) is isomorphic to 
that is isomorphic to 

Z[X-2n-l,V2n]/ {x^-2n-l) ® Z[Z/-2n, M4n-2, 2n) y-2nO-l, 0\, 2y^2nU4n-2)- 

Proof. 

Let us determine the (2n+ 1, 2n)-regraded Serre spectral sequence of the fibration 
TT : CUS^"''^^ — >■ CS'^"'^^. The Chas and Sullivan loop product povides this spectral 
sequence with a multiplicative structure (see [16j). Since M.^{CS'^"'~^^) has no torsion, 
E^ ,^(7r) = EI^(£S'^"+^) ®]HI*(£S'^"). There are five generators of algebra : x of degree 
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— {2n + 1), y of degree —2n, u of degree 4n — 2, v of degree 2n and 6 of degree — 1. 
This generators are represented by squares on the following diagram. 



-X-4X- 

-X-X 



-i-X- 



-i-x- 



k-- 














--X-, 


3- 
t- 


1 








--X-JX-L-- 

--k-i-r-- 










--x-k-- 












--X-JX- 

-k-^x- 












--k-x- 












- -X- k - 
































































































































































































































































































































































































<?-■ 


























--O-il 
































































































































































































































































































































































iH.n 



k X 

-X.- k- - 



X X 

-k-i- 



-*-tr- 



X-j--L_j__L_j__L_jJ:k5]-L-j--L_j__L_j_:x-X--^-J--^-J--^-J-x 
• y \. 

For degree reasons the only non zero differential starting from a generator is 

d2n- More precisely, wc only have to compute d2n{y)- Since there is a section 
f/52n+i ^ CU 3'^''+^ and since that m^{US^''+'^) = e,(52n+i) ®e*(52n)^ j^g^^g 

that d2n{y) = 0. This proves that this spectral sequence collapse at the £^^-level and 
that the following figure represents E^^(7r). 

□ 

By an easy check we have the following proposition. 

Proposition 5.2. There is no linear extension issue inE'^^{n). Then, H^{LUS'^'^'^^) 
is isomorphic to H^{CS^"'~^^) H^{CS^'^) as a graded module. 

5.2. The Cohen- Jones- Yan spectral sequence, E* ,^(ev(0)). Since we know the 
module structure of H^{CUS'^^^^^)., we can deduce all the differentials of the Serre 
spectral sequence E: „(et;(0)) of the fibration ew(0) : ^f/S^n+i ^ ^^2n+i_ 

Proposition 5.3. The algebra ¥J^^^{ev{Q)) is isomorphic to 

^[fl-2n-l) ^-2n) C_i, d2n-, 64,1-2] /(a?.2n_i, ^'^2n' ^-1) C_i6_2n) 2e4„_2&_2n)- 

Proof. First recall that //,(QC/,S2"+i) ^ ^\nce H^{VLU 8'^''+^) 
is without torsion, then 

^l^{ev{Q)) ^ H,(C/>5'"+^) (8) H4nUS^''+^) 

— Z[a_2n-1, &-2n, C^2n, /2n-l]/ (a?-2n-l' ^-2n)- 
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These generators are represented by squares on the following diagram. 
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Since we know the linear structure of EI*(Lt/5'^'*"'"^), we can deduce all the differ- 
entials and compute E^^(ew(0)) together with its structure of algebra. 

□ 



5.3. The Morse Serre spectral sequence, ^{M.S){n). As for the even case, 
wc determine ¥\^{M.S){'k) by computing the (4n + 1, 2n)-regraded Serre spectral 

sequence of the fibration b : US"^"-'^^ —>■ US'^'^^^ . 

Proposition 5.4. The subalgebraE^^^{A4S){7r), p>l, is isomorphic to 



z[r, V, <p, X, i^]/{T\ v\ x\ r, 2V'</>)[r]>i 



withdegir) = —2n—l, deg{v) = —2n, deg{(l)) = —2n, deg{x) = "1? deg{ip) = in— 2 
and bideg{T) = (l,4n- 1). 



Proof. We compute the E'^ term of the (4n + 1, 2n)-shifted Serre spectral sequence 
associated to the fibration b : US^'^ US^''+^. 
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X X 
X X 



■X X 

--X- X 
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An easy inspection and the use of the section of tt : Ei — > Ei as for the even dimen- 
sional case (section 4.1), shows that all the differentials of this spectral sequence must 
vanish. 

We deduce that E* ^{MS){n) collapses at the level and we get E'^^{MS){7i). 



□ 



■-^-^X 



Proposition 5.5. The algebras 'E.^{jCUS'^'^'^^) anc? E^^(7r) are isomorphic. 

Proof. There may have ambiguities on the products of generators on E^^(7r) for the 
following products. 
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(1) The products involving O^i, y-2n and Uin-2- These generators he in W^^{M.S){'k) 
so there is no muhiphcative extension issue. 

(2) The product V2nd-i- We can drop the extension issue by considering the 
Cohen- Jones- Yan spectral sequence E*^(ef(0)). 

(3) The last extension issue concerning the product f2n^-i can be solved by 
considering the multiplicative structure of the Morse-Serre spectral sequence 
and to be more precise the Eg°^(7r)-module structure on E'j^^(7r). 

□ 
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